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Abstract 

In this paper we study a notion of topological complexity TC(X) for 
the motion planning problem. TC(X) is a number which measures dis- 
continuity of the process of motion planning in the configuration space X. 
More precisely, TC(X) is the minimal number k such that there are k dif- 
ferent "motion planning rules", each defined on an open subset of X x X, 
so that each rule is continuous in the source and target configurations. We 
use methods of algebraic topology (the Lusternik - Schnirelman theory) 
to study the topological complexity TC(X) . We give an upper bound for 
TC(X) (in terms of the dimension of the configuration space X) and also 
a lower bound (in the terms of the structure of the cohomology algebra 
of X). We explicitly compute the topological complexity of motion plan- 
ning for a number of configuration spaces: for spheres, two-dimensional 
surfaces, for products of spheres. In particular, we completely calculate 
the topological complexity of the problem of motion planning for a robot 
arm in the absence of obstacles.^] 

Keywords: topological complexity, motion planning, configuration 
spaces, Lusternik - Schnirelman theory 

1 Definition of topological complexity 

Let X be the space of all possible configurations of a mechanical system. In 
most applications the configuration space X comes equipped with a structure 
of topological space. The motion planning problem consists in constructing a 
program or a devise, which takes pairs of configurations (A, B) € X x X as an 
input and produces as an output a continuous path in X , which starts at A and 
ends at B, see ||, H. Here A is the initial configuration, and and B is the 
final (desired) configuration of the system. 

We will assume below that the configuration space X is path-connected, 
which means that for any pair of points of X there exists a continuous path in 
X connecting them. Otherwise, the motion planner has first to decide whether 
the given points A and B belong to the same path-connected component of X. 
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The motion planning problem can be formalized as follows. Let PX denote 
the space of all continuous paths 7 : [0, 1] — ► X in X. We will denote by 
7r : PX — > X x X the map associating to any path 7 6 PX the pair of its 
initial and end points 77(7) = (7(0), 7(1)). Equip the path space PX with 
the compact-open topology. Rephrasing the above definition we see that the 
problem of motion planning in X consists of finding a function s:lxl-t PX 
such that the composition ttos — id is the identity map. In other words, s must 
be a section of w. 

Does there exist a continuous motion planning in XI Equivalently, we ask 
whether it is possible to construct a motion planning in the configuration space 
X so that the continuous path s(A, B) in X, which describes the movement of 
the system from the initial configuration A to final configuration B, depends 
continuously on the pair of points (A, B)l In other words, does there exist a 
motion planning in X such that the section s : X x X — > PX is continuous? 

Continuity of the motion planning is an important natural requirement. Ab- 
sence of continuity will result in instability of the behavior: there will exist ar- 
bitrarily close pairs (A, B) and (A',B') of initial - desired configurations such 
that the corresponding paths s(A, B) and s(A', B') are not close. 




Figure 1: Continuity of motion planning: close initial - final pairs (A, B) and 
(A\ B') produce close movements s(A, B) and s(A', B'). 

Unfortunately, as the following Theorem states, a continuous motion plan- 
ning exists only in very simple situations. 

Theorem 1 A continuous motion planning s:lxl^ PX exists if and only 
if the configuration space X is contractible. 

Proof. Suppose that a continuous section s : X x X — > PX exists. Fix a point 
io£l and consider the homotopy 

hf.X^X, h t (B) = s(A , B)(t), 

where B e X, and t £ [0, 1]. We have hi(B) = B and h (B) = A . Thus h t 
gives a contraction of the space X into the point A E X . 

Conversely, assume that there is a continuous homotopy h t : X — > X such 
that h (A) = A and h x (A) = A Q for any Ae X. Given a pair (A, B) e X x X, 



2 



we may compose the path 1 1— ► h t (A) with the inverse of 1 1— > ht(B), which gives 
a continuous motion planning in X. 

Thus, we get a motion planning in a contractible space X by first moving A 
into the base point Aq along the contraction, and then following the inverse of 
the path, which brings B to Aq. o 

Definition 2 Given a path- connected topological space X , we define the topolog- 
ical complexity of the motion planning in X as the minimal number TC(X) = k. 
such that the Cartesian product X x X may be covered by k open subsets 

X x X = U x U U 2 U • ■ ■ U U k (1) 

such that for any i = 1,2, ... ,k there exists a continuous motion planning Sj : 
Ui — > PX , 7r o Si — id over Ui. If no such k exists we will set TC(X) = oo. 

Intuitively, the topological complexity TC(X) is a measure of discontinuity 
of any motion planner in X. 

Given an open cover (Q) and sections Sj as above, one may organize a motion 
planning algorithm as follows. Given a pair of initial-desired configurations 
(A, B), we first find the subset Ui with the smallest index i such that (A, B) € Ui 
and then we give the path Si{A, B) as an output. Discontinuity of the output 
Si(A, B) as a function of the input (A, B) is obvious: suppose that (A, B) is 
close to the boundary of U\ and is close to a pair (A', B') £ U% — Ui; then the 
output si(A,B) compared to S2(A',B') may be completely different, since the 
sections si\u 1 nu 2 an d S2\u 1 nu 2 are in general distinct. 




Figure 2: Discontinuity of the motion planner corresponding to a covering {Ui}. 
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According to Theorem [jj we have TC(X) = 1 if and only if the space X is 
contractible. 

Example. Suppose that X is a convex subset of an Euclidean space 
R™. Given a pair of initial - desired configurations {A, B), we may move with 
constant velocity along the straight line segment connecting A and B. This 
clearly produces a continuous algorithm for the motion planning problem in X . 
This is consistent with Theorem [l]: we have TC(X) = 1 since X is contractible. 

Example. Consider the case when X = S 1 is a circle. Since S 1 is not 
contractible, we know that TC(S' 1 ) > 1. Let us show that TC(5 1 ) = 2. Define 
U\ C S 1 x S 1 as XJ\ — {(A, B)\A ^ ~B}. A continuous motion planning over 
U\ is given by the map Si : U\ — » PS 1 which moves A towards B with constant 
velocity along the unique shortest arc connecting A to B. This map si cannot 
be extended to a continuous map on the pairs of antipodal points A — —B. 
Now define C/ 2 = {(A,B);A ^ B}. Fix an orientation of the circle S 1 . A 
continuous motion planning over [7 2 is given by the map S2 ■ U2 — > PS 1 which 
moves A towards B with constant velocity in the positive direction along the 
circle. Again, s 2 cannot be extended to a continuous map on the whole S 1 x S 1 . 

Remark. Our definition of the topological complexity TC(X) is motivated 
by the notion of a genus of a fiber space, introduced by A.S. Schwarz 0]. In 
fact TC(X) is the Schwarz genus of the path space fibration PX — > X x X. 

The theory of Schwarz genus was used by S. Smale and V. Vassiliev M, 
[ p"o| to define topological complexity of algorithms of finding roots of polynomial 
equations. 



2 Homotopy invariance 



The following property of homotopy invariance allows often to simplify the con- 
figuration space X without changing the topological complexity TC(X). 

Theorem 3 TC(A) depends only on the homotopy type of X . 

Proof. Suppose that X dominates Y, i.e. there exist continuous maps / : X — > 

Y and g : Y — > X such that / o g ~ idy. Let us show that then TC(Y) < 
TC(X). Assume that U C X x X is an open subset such that there exists a 
continuous motion planning s : U — > PX over U. Define V = (g x g) _1 (C/) C 

Y x Y . We will construct a continuous motion planning a : V — > PY over V 
explicitly. Fix a homotopy h t : Y Y with ho = idy and hi = f o g; here 
t S [0, 1]. For (A, B) e V and r e [0, 1] set 



h 3T (A), 



for 0<t<1/3, 



a(A,B)(j)={ f(s(gA,gB)(3T-l)), for 1/3 < r < 2/3, 



1 3(1-t), 



for 2/3 < r < 1. 



Thus we obtain that for k = TC(X) any open cover U\ U • • • U Uk — X x X with 
a continuous motion planning over each Ui defines an open cover V\ U • • • U Vfe 
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of Y x Y with the similar properties. This proves that TC(Y) < TC(X), and 
obviously implies the statement of the Theorem, o 

3 An upper bound for TC(X) 

Theorem 4 For any path- connected paracompact space X , we have 

TCpO < 2 • dimX + 1. (2) 

In particular, if X is a connected polyhedral subset of R" then the topological 
complexity TC(X) can be estimated from above as follows 

TC(Jf) < 2n-l. (3) 

We postpone the proof. 

We will use a relation between TC(X) and the Lusternik - Schnirelman 
category cat(X). Recall that cat(X) is defined as the smallest integer k such 
that X may be covered by k open subsets V\ U • • • U Vk = X with each inclusion 
Vi — ► X null-homotopic. 

Theorem 5 If X is path- connected and paracompact then 

cat(X) < TC(X) < 2 • cat(X) - 1. (4) 

Proof. Let U C X x X be an open subset such that there exists a continuous 
motion planning s : U — > ?J over [/. Let Ao G X be a fixed point. Denote 
by V C X the set of all points B € X such that (Ao, -B) belongs to U. Then 
clearly the set V is open and it is contractible in X x X. 

If TC(X) = k and t/i U • • • U Xl% is a covering of X x X with a continuous 
motion planning over each Ui, then the sets Vi, where A x Vi = Ui fl (A x X) 
form a categorical open cover of X. This shows that TC(X) > cat(X). 

The second inequality follows from the obvious inequality 

TC(X) < cat(X x X) 
combined with cdX(X x X) < 2 ■ cat(X) — 1, see Proposition 2.3 of Q. o 

Proof of Theorem ^[ It is well-known that cat(JC) < dim(X) + I. Together 
with the right inequality in (Q) this gives (0). 

If X C R™ is a connected polyhedral subset then X has homotopy type of 
an (n — l)-dimensional polyhedron y. Using homotopy invariance (Theorem g) 
we find TC(X) = TC(F) < 2(n - 1) + 1 = 2n - 1. o 

4 A lower bound for TC{X) 

Let k be a field. The cohomology H*(X;'k) is a graded k-algebra with the 
multiplication 

U:ir(X;k)®irpC;k)^irpC;k) (5) 
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given by the cup-product, see 0, ||. The tensor product H*(X; k) ®H*{X; k) 
is also a graded k-algebra with the multiplication 

(ui <g> vi) ■ {u 2 ® v 2 ) = (-l) |l,lMu21 uim 2 (8> Viu 2 . (6) 

Here |i>i| and \ii2\ denote the degrees of cohomology classes V\ and Ui corre- 
spondingly. The cup-product (||) is an algebra homomorphism. 

Definition 6 The kernel of homomorphism (Q) will be called the ideal of zero- 
divisors of H*(X;\i). The zero-divisors-cup-length of H* (X;k) is the length of 
the longest nontrivial product in the ideals of zero-divisors of H*(X;h). 

Example. Let X = S n . Let u S H n (S n ;h) be the fundamental class, and let 
1 E H°(S n ;k) be the unit. Then a = l®u-u®le H*(S n ; k) <g> H*(S n ; k) is 
a zero-divisor, since applying homomorphism (|E|) to a we obtain 1 • u — u ■ 1 = 0. 
Another zero-divisor is 6 = u (8> it, since 6 2 = 0. Computing a 2 = a ■ a by means 
of rule (H) we find 

a 2 = ((-I)"" 1 -1) •«»«. 

Hence a 2 = —26 for n even and a 2 = for n odd; the product ab vanishes for 
any n. We conclude that the zero- divisors- cup-length of H*(S n ; Q) equals 1 for 
n odd and 2 for n even. 

Theorem 7 The topological complexity of motion planning TC(X) is greater 
than the zero-divisors-cup-length of H*(X;h). 

To illustrate this Theorem, consider the special case X — S n . Using the 
computation of the zero-divisors-cup-length for S n (see the example above) and 
applying Theorem @ we find that TC(5 n ) > 1 for n odd and TC(5") > 2 for n 
even. This means that any motion planner on the sphere S n must have at least 
two open sets Ui] moreover, any motion planner on the sphere S n must have at 
least three open sets Ui if n is even. 
Proof. Consider the following commutative diagram 

X A PX 

\ 

A | 7T 

X x X 

Here a associates to any point x G X the constant path [0, 1] — ► X at this point. 
A : X — > X x X is the diagonal map A(x) — (x,x). Note that a is a homotopy 
equivalence. The composition 

H*(X; k) ® H*(X; k) ~ H*(X xX;k)^ H*(PX; k) ^ k) (7) 

coincides with the cup-product homomorphism (^). Here the homomorphism 
on the left is the Kiinneth isomorphism. 

As we mentioned above, the topological complexity of motion planning 
TC{X) is the Schwarz genus (cf. g]) of the fibration vr : PX -> X x A. 
The statement of Theorem |t] follows from our remarks above concerning homo- 
morphism (fij) and from the cohomological lower bound for the Schwarz genus, 
see Theorem 4 of || . o 



G 



5 Motion planning on spheres 



Theorem 8 The topological complexity of motion planning on the n-dimen- 
sional sphere S n is given by 



Proof. First we will show that TC(5") < 2 for n odd. Let U x C S n x S n be 
the set of all pairs (A, B) where A ^ —B. Then there is a unique shortest arc 
of S n connecting A and B and we will construct a continuous motion planning 
si : Ui — > PS n by setting s\(A,B) £ PS n to be this shortest arc passed with 
a constant velocity. The second open set will be defined as U 2 = {(A, B);Aj^ 
B} C S n X S n . A continuous motion planning over U 2 will be constructed in 
two steps. On the first step we will move the initial point A to the antipodal 
point — B along the shortest arc as above. On the second step we will move the 
antipodal point —B to B. For this purpose fix a continuous tangent vector field 
i) on S™, which is nonzero at every point; here we will use the assumption that 
the dimension n is odd. We may move — B to B along the spherical arc 



- cos7rf • B + sin7rf • v(B), te [0,1]. 
This proves that TC(S n ) < 2 for n odd; hence by Theorem | TC(S n ) = 2 for 



Assume now that n is even. Let us show that then TC(5") < 3. We will 
define a continuous motion planning over a set U\ C S n x S n as above. For n 
even we may construct a continuous tangent vector field v on S n , which vanishes 
at a single point Bo £ S n and is nonzero for any B £ S n , B ^ Bo. We will 
define the second set U 2 C S n x S n as {(A, B); A ^ B k B ^ B Q }. We may 
define s 2 ■ Ui — * PS n as above. Now, U\ U U 2 covers everything except the 
pair of points (—Bq,Bq). Chose a point C £ S n , distinct from Bo,— Bo and 
set U3 — S n — C . Note that U3 is diffeomorphic to R ra and so there exists a 
continuous motion planning over U3. This proves that TC(5 n ) < 3. On the 
other hand, using Theorem [?] and the preceeding Example, we find TC(5 ra ) > 3 
for n even. This completes the proof, o 

6 More examples 

Theorem 9 Let X = Y. g be a compact orientable two-dimensional surface of 
genus g. Then 



Consider first the case g > 2. Then we may find cohomology classes 
Ml, v\, u 2 , v 2 £ H 1 ^; Q) forming a symplectic system, i.e. u| = 0, vf = 0, and 




2, for n odd, 



for n even. 



n odd. 
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uivi = U2V2 = A / 0, where A € H 2 (£ g ; Q) is the fundamental class; besides, 
ViUj = ViVj = Uiiij = for i ^ j. Then in the algebra H*(X; Q) ® H*(X; Q) 
holds 

2 

JJ(1 ® «i - m <g> 1)(1 ® «j - Vi (8) 1) = 2A ® A ^ 
i=l 

and hence we obtain, using Theorem ^, that TC(Jf) > 5. The opposite inequal- 
ity follows from Theorem ^. 

The case 5 = follows from Theorem || since then X = S 2 . The case g = 1 , 
which corresponds to the two-dimensional torus T 2 , will be considered later in 
Theorem [D| o 

Theorem 10 Let X = CP™ &e i/ie n- dimensional complex projective space. 
Then TCpf) > 2n + 1. 

Proof. If u s H 2 (X; Q) is a generator, then 

(1 <g> u - u ® l) 2 ™ = (-1)" f 2 " J u n (8 u" ^ 0. 
Hence Theorem @ gives TC(X) > 2n + 1. o 

7 Product inequality 

Theorem 11 For any path-connected metric spaces X and Y , 

TC{X x Y) < TC(X) + TC(Y) - 1. (8) 

Proof. Denote TC(X) = n, TC(Y) = to. Let I7i, . . . , U n be on open cover of 
X x X with a continuous motion planning Sj : t/j — > for i = 1, . . . , n. Let 
/i : X x X — > R, where i = 1, . . . , n, be a partition of unity subordinate to the 
cover {Ui}. Similarly, let V\ , . . . , V m be on open cover of Y x Y with a continuous 
motion planning o~j : Vj — ► PY for j = 1, . . . , to, and let gj : Y X Y — ► R, where 
j = 1, . . . , to be a partition of unity subordinate to the cover {Vj}. 

For any pair of nonempty subsets S C {1, . . . , n} and T C {1, . . . , to}, let 

W(S,T) C (X x Y) x (X x Y) 

denote the set of all 4-tuples (A, B, C, D) e (X x Y) x (X x Y), such that for 
any E S xT and for any (£',/) S x T holds 

/t(A C) -9j( B ,D) > U(A, C) ■ gy{B. D). 

One easily checks that: 

(a,) eac/i sei W(S I , 7 1 ) C I x I is open; 

W^T) and W(S',T') are disjoint if neither S x T C 5' x T , nor 
S' XT' cSx T; 
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(c) if G S xT, then W{S,T) is contained in Ui x Vj; therefore there 
exists a continuous motion planning over each W{S,T) (it can be described 
explicitly in terms of Si and <jj); 

(d) the sets W{S,T) (with all possible nonempty S and T) form a cover of 
(X x Y) x (X x Y). 

Let us prove (d). Suppose that (A, B, C, D) E (X x Y) x (X x Y). Let S be 
the set of all indices i e {1, . . . , n}, such that fi(A, C) equals the maximum of 
fk(A, C), where k — 1, 2, . . . , n. Similarly, let T be the set of all j € {1, . . . , m}, 
such that gj(B, D) equals the maximum of gi(B 1 C), where £ = 1, . . . , to. Then 
clearly (A, B, C, D) belongs to W(S, T). 

Let W k C (X x Y) x (X x Y) denote the union of all sets W(S,T), where 
\S\ + \T\ = k. Here k = 2, 3, . . . , n + m. The sets W%, ■ ■ ■ , W n+m form an open 
cover of (XxY)x(XxY). If \S\ + \T\ = \S'\ + |T| = k, then the corresponding 
sets W(S, T) and W(S',T') either coincide (if S = S' and T = T'), or are 
disjoint. Hence we see (using (c)) that there exists a continuous motion planning 
over each open set Wk- 

This completes the proof, o 

Remark. The above proof represents a modification of the arguments of 
the proof of the product inequality for the Lusternik - Schnirelman category, 
see page 333 of || . 



8 Motion planning for a robot arm 

Consider a robot arm consisting of n bars Li, . . . , L n , such that Li and L i+1 arc 
connected by flexible joins. We assume that the initial point of Li is fixed. In 
the planar configuration of the arm is determined by n angles a±, . . . , a n , 

where cti is the angle between Li and the x-axis. Thus, in the planar case, the 
configuration space of the robot arm (when no obstacles are present) is the 
n-dimcnsional torus 

r = s 1 x s 1 x ••• x s 1 . 

Similarly, the configuration space of a robot arm in the 3-dimensional space R 3 
is the Cartesian product of n copies of the two-dimensional sphere S 2 . 

Theorem 12 The topological complexity of motion planning problem of a plane 
n-bar robot arm equals n + 1. The topological complexity of motion planning 
problem of a spacial n-bar robot arm equals In + 1. 

Remark. It is not difficult to explicitly construct motion planners for 
the planar and spacial robot arms, which have the minimal possible topological 
complexity. Such algorithms could be based on the ideas used in the proof of 



the product inequality (Theorem 11) 



Theorem h 2 automatically follows from the next statement: 
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Figure 3: Planar robot arm 



Theorem 13 Let X = S m x S m x ■ • • x S m be a Cartesian product of n copies 
of the m- dimensional sphere S m . Then 

TC{X) = { n + \ ^/tti is odd, 
I In + 1, if m is even. 

Proof. Using the product inequality (Theorem |lTJ) and the calculation for 
spheres (Theorem |J) we find that TC(A) is less or equal than the RHS of (^). 
To establish the inverse inequality we will use Theorem ^. Let ai € H m {X; Q) 
denote the cohomology class which is the pull-back of the fundamental class of 
S m under the projection X — » S m onto the i-th factor; here i — 1, 2, . . . , n. We 
see that 

n 

Y[(l <g> a t - en ® 1) ^ € H*(X x X; Q). 

i=i 

This shows that the zero-divisors-cup-length of X is at least n. If m is even 
then 

n 

Y[(l ® fli - m ® l) 2 5^ e x X; Q). 

Hence for m even, the zero-divisors-cup-length of X is at least In. Application 
of Theorem |?] completes the proof, o 



References 

[1] B. Dubrovin, S. P. Novikov and A. T. Fomenko, Modern Geometry; Meth- 
ods of the homology theory, 1984 

[2] I.M. James, On category, in the sense of Lusternik - Schnirelman, Topol- 
ogy, 17(1978), 331 - 348. 

[3] J.-C. Latombe, Robot motion planning, Kluwer Academic Publishers, 1991 



10 



[4] J. T. Schwartz and M. Sharir, On the piano movers' problem: II. General 
techniques for computing topological properties of real algebraic manifolds, 
Adv. Appl. Math., 4(1983), 298 - 351 

[5] A.S. Schwarz, The genus of a fiber space, Amer. Math. Sci. Transl. 
55(1966), 49- 140 

[6] M. Sharir, Algorithmic motion planning, Handbook of Discrete and Com- 
putational Geometry, J. Goldman, J. O'Rourke editors, 1997, CRC Press 

[7] S. Smalc, On the topology of algorithms, I, J. of Complexity, 3(1987), 
81-89. 

[8] E. Spanier, Algebraic topology, 1966 

[9] V.A. Vassiliev, Cohomology of braid groups and complexity of algorithms, 
Functional Analysis and its Appl., 22(1988), 15 - 24 

[10] V.A. Vassiliev, Topology of complements to discriminants, Moscow, 1997 



Address: 
Michael Farber, 

School of Mathematical Sciences, 

Tel Aviv University, Ramat Aviv 69978, Israel 

farber@math.tau.ac.il 



11 



